Unmanned vehicles provide an effective approach for tracking, surveillance, and reconnaissance missions. Much work has been done to provide control algorithms to promote collaboration of UAVs and other autonomous vehicles. However, the majority of this work does not account for the adverse effects caused by flowfields. In this paper we present decentralized control algorithms designed to operate in a spatially or temporally varying flowfield. We use a Newtonian-particle model to represent each vehicle. Each particle travels at a constant speed and uses a steering control to compensate for the flow. We propose an algorithm that stabilizes a circular formation in a time-varying, spatially nonuniform flowfield. The center of the formation can be arbitrary or prescribed. In the case of a time-varying and spatially uniform flowfield, we propose an algorithm to stabilize a circular formation in which the temporal spacing between particles is regulated. The theoretical results are supported by numerical simulations that illustrate a circular formation tracking a maneuvering target as it turns or accelerates.
Nomenclature

N
Number of particles r k Position of particle k r k
Inertial velocity of particle k s k Inertial speed of particle k at time t f k (t) Flow velocity at position r k and time t θ k Orientation of the velocity of particle k relative to the flow γ k Orientation of the inertial velocity of particle k ψ k Time-phase of particle k T Period of revolution around a circular orbit c k Center of circle traversed by particle k ω 0 Constant angular rate P N × N projector matrix P k kth row of matrix P K Control gain i Imaginary unit Subscript j, k Particle and phase indices, 1, . . . , N
I. Introduction
Autonomous vehicles provide a cost-effective, robust approach to tracking, surveillance and reconnaissance in land, air and sea. A cooperating team of vehicles can maximize the amount of collected information by providing persistent, coordinated coverage of continuous and/or discrete spatiotemporal process. Unmanned platforms are ideal for multi-agent coordinated control of missions that require continuous area coverage with consistent revisit rates. Many algorithms are capable of providing stable, decentralized control of multiple agents with specific mobility and communication constraints.
1-9
One obstacle limiting the operational efficacy of existing algorithms is their performance in the presence of an external flowfield. For some platforms, the flow speed may represent a significant fraction of the vehicle's inertial velocity. In a target-tracking application, motion of the target induces a flowfield in a reference frame fixed to the target. Therefore, a change in relative distance between a target and UAV could result from the influence of an external flowfield or from target motion. Although the results of this research are broadly applicable, we highlight their application to target tracking.
Some existing algorithms support operation in weak flowfields that are less than 10% of the platform speed relative to the flow. However, moderate (between 10% and 99%) and strong (100% or greater) flowfields present a significant challenge. This paper builds upon previous work in which decentralized control algorithms are presented for spatially varying, time-invariant flowfields.
10, 11 We consider spatially uniform or nonuniform flowfields that can be time-invariant or time-varying. We assume each vehicle senses the local flowfield and moves at unit speed relative to the flow.
We utilize a Lyapunov-based approach to design decentralized algorithms that stabilize circular formations in a time-varying flowfield. Previous works have used similar control designs. For example, Frew et al. 5 uses Lyapunov generated guidance vector fields to create loiter circles, driving vehicles to a desired stand off radius. These results are enhanced by Summers et al. with adaptive estimates to allow vehicle cooperation with a constant, unknown flow field. 6 In Nelson et al. 12 vector fields, used in combination with a sliding mode control drive a single vehicle along complex paths approximated with straight line and circular orbit segments. A high-gain inner-loop control on the autopilot compensates for wind disturbances and experimental results show a UAV able to keep on course in winds reaching 50% of the aircraft's controllable speed.
In designing the decentralized algorithms we first provide a control law to stabilize a circular formation about an arbitrary point in a time-varying spatially nonuniform flowfield. Then we introduce a symmetrybreaking particle that allows the formation center to be specified. The latter algorithm enables the particles to track maneuvering targets. Lastly, we provide a time-splay control law that regulates the temporal spacing of the particles in a circular formation in a time-varying, spatially uniform flowfield induced in a reference frame fixed to a constant speed, turning target.
The paper proceeds as follows. Section II examines the Newtonian-particle model used to simulate the autonomous vehicles and incorporate external flowfields. Section III develops Lyapunov-based circular control algorithms for spatially and temporally variable flowfields. Section IV provides performance results for circular configurations in a variety of flowfields indicative of the behavior of a maneuvering target. Section V contains a summary of the results and highlights some ongoing work.
II. Dynamic Model of Vehicles in a Flowfield
We model each unmanned vehicle as a planar, self-propelled particle moving at unit speed relative to a spatially and temporally variable flowfield.
11 Each particle is steered by a control force perpendicular to the velocity relative to the flow. We consider N particles, denoting the individual particle positions as r k , where k ∈ {1, . . . , N }. The inertial velocity of the kth particle is denoted byṙ k . The particles do not accelerate tangentially to their path and thus move with unit velocity e iθ k relative to the flowfield. The flowfield at r k and time t is denoted by f k (t) = f (r k , t). The equations of motion for particle k are
We let γ k equal the orientation of the inertial velocity of the kth particle and s k (t) = s(t, r k , γ k ) denote its magnitude. The particle model can be written
where s k (t) = |e iθ k + f k (t)| and γ k = arg(e iθ k + f k (t)). Note, we require |f k (t)| < 1 ∀ k, t, which ensures Figure 1 . The inertial velocity of a particle is the sum of the flow velocity and the velocity of the particle relative to the flow. Figure 1 we see the following relationship a between θ k and γ k :
which gives
Differentiating (5) with respect to time and substituting in equations (3) and (4) yieldṡ
Solving for u k we obtain
The resulting u k (t) is nonsingular since the denominator is never zero. 11 We calculate s k (t) and u k (t) in Example 1 for a time-varying, spatially uniform flowfield and, in Example 2, for a time-varying, spatially nonuniform flowfield.
Example 1. Time-varying, spatially uniform flowfield
Let a uniform flow be defined as f (t) = η(t)e iφ(t) , where η(t) is the magnitude of the flow and φ(t) the direction. We drop the k subscript since a uniform flow at time t is identical for all particles. We constrain |η(t)| < 1, for all t, which ensure that |s k (t)| > 0. We have
We express s k (t) as a function of γ k and f (t) by substituting (3) and (4) into (9) and rearranging the result to obtain the quadratic equation
a We use the inner product x, y = Re{xy}, where x, y ∈ C andx is the complex conjugate of x.
Equation 10 has the solution (using the positive root since we require s k (t) > 0),
We find u k (t) by substituting
Example 2. Time-varying, spatially nonuniform flowfield For this example we let f k (t) = β k (t) + iα k (t), where β k (t) = β(t, r k ) and α k (t) = α(t, r k ) are the real and imaginary components of the flowfield. Computing s k yields
Next we express s k (t) as a function of γ k and f k (t). Squaring both sides of (14) and solving the resulting quadratic equation (using the positive root since s k (t) > 0) gives
To solve for u k (t) let the position of particle k be
Substitutingḟ k into (8) yields
Thus, given γ k , ν k , f k (t), andḟ k (t), one can always solve for u k (t), which is the control input to the original vehicle model (1).
III. Stabilization of Circular Formations
In this section we provide decentralized control laws that stabilize a circular formation in a time-varying flowfield. We provide a control law to stabilize a circular formation about an arbitrary point in a spatially nonuniform flowfield. Then we introduce a symmetry-breaking particle that allows the formation center to be specified. The latter algorithm enables the particles to track maneuvering targets. We also provide a control law that regulates the spacing of the particles in a circular formation in a spatially uniform flowfield. In the next section, we illustrate these results in the context of tracking a maneuvering target.
III.A. Circular Formation with an Arbitrary Center
We develop a control law that drives the particles into a circular formation about an arbitrary, fixed point. All of the particles in the circular formation travel in the same direction. In the case of a flow free environment, setting u k equal to a constant ω 0 will drive the particles about a fixed center point with radius ω −1 0 . In the model (2), the center of a circular trajectory is
By differentiating (17) with respect to time we can derive a steering control ν k that allows us to drive a single particle around a circle in a time-varying flow. We havė
Equation (18) ensuresċ k = 0 when ν k = ω 0 s k (t), which implies the center is fixed. Particle k will traverse a circle with radius given by |ω 0 | −1 = |c k (t) − r k (0)|. Next we propose a steering control that drives all the particles to orbit the same center point in the same direction. Let 1 (1, . . . , 1) T ∈ R N . In a circular formation, c k = c j for all pairs j and k, which implies that a circular formation satisfies the condition P c = 0, 2 where P is the N × N projection matrix given by
This matrix is equivalent to the Laplacian of an all-to-all communication topology. Since the intent of this paper is to focus on the time-varying aspect of the flow field we will assume only an all-to-all communication even though it may be possible to relax this constraint to a communication topology with limited connectivity.
3
Consider the candidate Lyapunov function
We note that S is positive semi-definite. It is equal to zero only when c = c 0 1, c 0 ∈ C. The time derivative of S along solutions of (2) isṠ
The following theorem extends [11, Theorem 3] to incorporate time-varying flow fields.
forces uniform convergence of solutions of model (2) to the set of a circular formations with radius ω −1 0 and direction determined by the sign of ω 0 .
Proof. The potential S(r, γ) is radially unbounded and positive definite in the co-dimension one reduced space of relative centers. Under the control (22) the time derivative of S along solutions to (2) iṡ
According to an invariance-like theorem for nonautonomous systems, 13 we see that the solutions of (2) with control (22) converge to the set {Ṡ = 0} in which
In this set, control (22) evaluates to ν k (t) = ω 0 s k (t) andċ k = 0, which implies each particle traverses a circle with a fixed center. Therefore, P k c is constant and must be zero for (23) to hold. Since the null space of P is spanned by 1, then (23) is satisfield only when P c = 0, which implies c k = c j ∀ k, j. SinceṠ is independent of time, the set of circular formations with radius ω −1 0 is uniformly asymptotically stable.
We illustrate the result in Figure 2 for a time-varying, spatially uniform flowfield and in Figure 3 for a time-varying, spatially nonuniform flowfield. Figure 2 illustrates a uniform flowfield directed along the real axis with sinusoidally varying magnitude η(t) ≤ 0.75. The nonuniform flowfield depicted in Figure 3 is defined by the periodic function f k = a(t)(sin(2πωx k − ϕ 0 ) + i cos(2πωy k − ϕ 0 )), where a(t) ≤ 0.75, ω = 1, and ϕ 0 = 10. 
III.B. Circular Formation with a Prescribed Center
Under the control (22) the center of the circular formation depends only on the initial conditions of the particles. By introducing a virtual particle (indexed by k = 0) we can prescribe a center point for the formation, c 0 , which is useful for applications including encirclement of a moving target. Consider the augmented potentialS(r, γ) = S(r, γ) + S 0 (r, γ), 2 where
Where a k0 = 1 if particle k is informed of the reference center, c 0 , and a k0 = 0 otherwise. Taking the time-derivative of (24) giveṡ
The following theorem extends [11, Corollary 3] to incorporate time-varying flow fields.
where a k0 = 1 for at least one k ∈ 1, . . . , N and zero otherwise, forces uniform convergence of all solutions of the model (2) to the set of circular formations centered on c 0 with radius ω
and direction determined by the sign of ω 0 .
Proof. The time-derivative of the augmented potentialS(r, γ) satisfieṡ
By an invariance-like principle for nonautonomous systems, 13 solutions of (2) converge to the set for which
If there exists a j such that, a j0 = 0, then (27) reduces to e iγj , P j c and control (26) becomes ν j (t) = ω 0 s j (t). The orientation of the inertial velocity, γ j , is time-varying, therefore (27) holds for the uninformed particles only if P k c = 0, which implies that c is in the span of 1, i.e. c k = c j for all pairs k and j. For the informed particles where a k0 = 1, (27) becomes
This is satisfied only if c k = c 0 ensuring that all particles will converge to a circular formation around the prescribed center c 0 .
If a k0 = 1, ∀ k, then condition (27) reduces to
whereP is an (N + 1) × (N + 1) matrix as defined in (19) 
T is the vector of center positions augmented with the virtual particle's reference center, c 0 . Condition (29) is satisfied only whenc is in the span of1, where 1 (1, . . . , 1)
T ∈ R N +1 satisfying the circular formation condition and ensuring that c k = c 0 ∀ k.Ṡ is independent of time ensuring uniform asymptotic stability for all solutions to the model (2).
The examples given in Section IV illustrate the numerical results of this control.
III.C. Time-splay Circular Formation
In this section we derive a control algorithm that stabilizes a circular formation in which the temporal spacing between particles is regulated. We assume a spatially uniform flowfield of the form f (t) = η 0 e iΩt , in which the magnitude η(t) = η 0 is constant and the direction φ(t) = Ωt rotates at a constant rate Ω. Such a flowfield arises in a reference frame fixed to a constant-speed target that turns at a constant rate.
From (18) we know that ν k = ω 0 s k drives particle k in a fixed circle of radius ω −1 0 . Consider the change of variables γ k = γ k − Ωt, which impliesγ
Using (12), we obtain the following expression for s k , which does not depend explicitly on time:
For the ensuing calculations to be nonsingular, we require that (30) not have a fixed point. We ensurė γ k > 0 by requiring
The minimum of s k in (31) is s k = 1 − η 0 which occurs for γ k = π. Thus, the constraint (32) is equivalent to
Note (33) establishes a lower bound on the minimum formation radius of |ω 0 | −1 = (1 − η 0 )/Ω. Substituting (31) into (30) and integrating by separation of variables yields
We use a quantity called the time-phase to regulate the time separation of the N particles. 11 The time-phase for a time-varying, uniform flow f (t) = η 0 e iΩt is
where T , the period of a single revolution, is
The time-derivative of (35) isψ
Note (37) implies that the control ν k = ω 0 s k yieldsψ k = 2π/T , which is constant. To stabilize a circular formation in which the relative time-phases are regulated, we consider the composite potential
The phase potential U (ψ) is a smooth function satisfying the rotational symmetry property U (ψ + ψ 0 1) = U (ψ), which implies
Using (39) and (37), we obtain the time-derivative of the potential (38),
The following theorem extends [11, Theorem 5] to incorporate time-varying flow fields.
Theorem 3. Let f (t) = η 0 e iΩt be a spatially invariant flow field satisfying the condition |η 0 | < 1, ∀ t. Also, let U (ψ) be a smooth, rotationally symetric phase potential. Choosing the control
stabilizes a circular formation with radius ω
and direction determinmed by the sign of ω 0 in which the time-phase arrangement is a critical point of U (ψ).
Proof. Using control (41) with potential (40) yieldṡ
By an invariance-like principle for non-autonomous systems, 13 solutions of (2) converge to the set {V = 0} for which for k = 1, ..., N . By (41), we see that in this set, ν k = ω 0 s k . Thus each particle travels around a circle with a fixed center and radius |ω 0 | −1 . Alsoψ 2 = 2π/T , which implies that U (ψ) is constant (by (39)) and
P k c is constant and must be zero for (44) to hold. The null space of P is spanned by 1, therefore (44) is satisfied only when P c = 0, which implies c k = c j ∀ k, j. SinceV is independent of time, the set of circular formations with radius ω −1 0 is uniformly asymptotically stable.
Theorem 3 establishes convergence to a critical point of a rotationally symmetric potential U (ψ). Choosing the (M,N)-potential
where
renders the set of time-splay formations uniformly asymptotically stable, since they are the minimum of U M,N . Note that K m > 0 for m = 1, . . . , N − 1, and K N < 0. We illustrate Theorem 3 in Figure 4 , showing N = 5 particles as they converge to a time-splay configuration for a time-varying, spatially uniform flow field of the form f (t) = η 0 e iΩt . Setting parameters η 0 = 0.5 and Ω = 0.01 and choosing ω 0 = 0.1 ensures that the constraint (33) is satisfied.
Introducing a virtual particle as in the previous section enables the center of the time-splay formation to be prescribed. Corollary 1. Let a k0 = 1 if particle k is informed of the reference center, c 0 , and a k0 = 0 otherwise. Let f (t) = η 0 e iΩt be a spatially invariant flow field satisfying the condition |η 0 | < 1, ∀ t. Also, let U (ψ) be a smooth, rotationally symetric phase potential. Choosing the control
where a k0 = 1 for at least one k ∈ 1, . . . , N and zero otherwise, stabilizes a circular formation centered on c 0 with radius ω 
IV. Application Example: Encirclement of a Maneuvering Target
In this section we consider the scenario of multiple unmanned vehicles tracking a maneuvering target. We define a non-rotating reference frame B whose origin is fixed to the target. When the equations of motion (2) are expressed in frame B, the motion of the target yields a spatially uniform flow f (t) = η(t)e iφ(t) . We utilize the control laws developed in III to assign the center point of the circular formation to the target.
We illustrate the target tracking scenario with three examples. First, we consider a target that is continuously accelerating and decelerating without turning. The magnitude of the velocity is always changing, but the direction is constant. The second example illustrates the coordinated encirclement of a target that is traversing a circle of fixed radius and thus constantly changing its velocity direction while maintaining a fixed magnitude. This example exemplifies a flowfield that rotates at a constant rate as prescribed in Section III.C. For this flowfield, we use the time-phase parameter to regulate the temporal spacing of the particles. All of the examples illustrate realistic maneuvers of a ground vehicle.
IV.A. Coordinated Encirclement of a Variable-Speed Target
This example replicates a target that is accelerating and decelerating along a single direction. Since the flowfield is uniform and only varies in magnitude, we can align f (t) = η(t)e iφ0 with the positive real axis, without loss of generality. We illustrate this scenario with the following flowfield
where A and T characterize the target behavior by representing the maximum amplitude and the period respectively. The target velocity is strongest in the middle portion of the track and gradually slows down and reverses direction at the edges. This cycle is repeated for the desired time span of the simulation. Figure 5 illustrates the tracking result of a target traversing with a maximum velocity of A = 0.75 and period T = 150. Figures 5(a) and 5(b) shows the UAVs in frame B, which is centered on the target. This depicts the quick convergence of the targets to the circular formation. Figure 5(c) shows the simulation results in an inertial reference frame. The target is aligned with the real axis and travels left and right without turning.
IV.B. Coordinated Encirclement of a Turning Target
In this example, we study the behavior of the particles as they follow a target performing a continuous circular turn. In the target-fixed frame, B, there is a time-varying, uniform flowfield f (t) = η 0 e iφ(t) , which has a fixed magnitude, η 0 . The flow direction is φ(t) = (η 0 /ρ)t, where ρ is the radius of curvature of the target trajectory. Figure 6 illustrates the results of using control algorithm (26) with speed η 0 = 0.8 and radius of curvature ρ = 63.66. Figures 6(a) and 6(b) display the simulation results in a target-fixed frame. We also use the turning target scenario to illustrate the control law (41), which drives the particles to a time-splay formation. Figure 7 illustrates this example with N = 5 particles centered on a target cycling at an angular rate of Ω = 0.01. We set ω 0 = 0.1 in order to satisfy requirement (33). This ensure that the turning radius of the target will be greater than the radius of the encircling air vehicles. The target speed is η 0 = 0.5. Figures 7(a) and 7(b) show the convergence to the time-splay configuration in the target-centered reference frame, B. Figure 7 (c) depicts the target and particles in an inertial frame.
V. Conclusions
Cooperative control improves the capability of autonomous vehicles to gather information, track targets and perform necessary mission objectives. In this paper, we present decentralized control algorithms that regulate the formation of autonomous vehicles while operating in a spatiotemporal flowfield. We represent the vehicle dynamics with a Newtonian-particle model in which each particle travels at unit speed. A steering control is applied perpendicular to the particle velocity relative to the flow. Decentralized control algorithms are proposed that stabilize circular formations in temporally and spatially varying flowfields. A solution that stabilizes a time-splay configuration for a specific set of time-varying flow fields is also proposed. Numerical results illustrate the capability to cooperatively encircle maneuvering targets that turn and accelerate. In ongoing work we seek to expand the class of flowfields in which the time-splay results apply. We will also investigate methods of coordinating multiple vehicles in an unknown flowfield.
